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1. Introduction 
Let (M,g, J) be a Kghler manifold and let y be a unit speed geodesic in A4. Then 
(M, g, J) is locally isometric to a Hermitian symmetric space if and only if the holo- 
morphic sectional curvature H(y’) is constant along y for each geodesic y. This simple 
geometric criterion has proved to be useful in deriving a series of new characterizations 
of Hermitian symmetric spaces. For example, it is used in [23] to prove that an almost 
Hermitian manifold with symplectic or holomorphic geodesic symmetries is KShlerian 
and locally symmetric. This result combines the Riemannian, complex and symplec- 
tic geometry of (M,g, J). Further, it is also used to characterize these manifolds as 
Kghlerian Gelfand spaces [17] or as naturally reductive homogeneous spaces equipped 
with an invariant KShler structure (see [16] and [6] where several extensions are given). 
We also refer to [25] f or a survey about these results. Finally, one derived several ap- 
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plications of this criterion in the study of the geometry of a normal neighborhood of 
an almost Hermitian space, in particular in the study of the extrinsic and intrinsic 
geometry of geodesic spheres, local geodesic reflections and local rotations [7,19]. 
A similar theory has been developed for contact geometry (see, for example, [3,4,8]) 
and for manifolds equipped with an isometric flow (see [9, lo] for more details and 
further references). 
The main purpose of this paper is to extend this theory to quaternionic Kahler ge- 
ometry and to show that in many cases we obtain similar characterizations for locally 
symmetric quaternionic Kahler manifolds. In Section 2 we start with some useful facts 
about the geometry and the curvature of quaternionic Kahler spaces. Then, in Sec- 
tion 3, we derive our main theorem which yields the corresponding criterion to be a 
locally symmetric space. We start with the applications in Section 4 where we prove 
that almost quaternionic Hermitian manifolds of dimension 2 12 are locally symmet- 
ric if and only if all geodesic symmetries preserve the fundamental four-form R. In 
Section 5 we show that locally symmetric quaternionic Kahler manifolds are charac- 
terized as almost quaternionic Hermitian manifolds which have quaternionic geodesic 
symmetries. Further, in Section 6 we treat the extrinsic and intrinsic geometry of small 
geodesic spheres and characterize the locally symmetric quaternionic Kahler manifolds 
and the quaternionic space forms by using some particular properties of the shape op- 
erator and the Ricci endomorphism of these geodesic spheres. Finally, local geodesic 
symmetries are replaced by natural local rotations in Section 7 where we derive similar 
characterizations as above. 
The authors wish to thank D.V. Alekseevskii and S. Marchiafava for useful discus- 
sions. 
2. Preliminaries 
Symmetric Riemannian manifolds play an important role in geometry. They are 
completely classified and they have a lot of remarkable properties. Let (M,g) be a 
smooth Riemannian manifold with Levi-Civita connection V and Riemann curvature 
tensor R given by 
RXY = "[X,YI - F’xJ’YI 
for tangent vector fields X, Y. (M, g) will b e supposed connected when necessary. Then 
(M,g) is said to be locally symmetric if VR = 0. As is now well-known, the following 
lemma gives a useful criterion (see [13,27]). 
Theorem 2.1. (J4,g) is locally symmetric if and only if (VxR)(X,Y, X,Y) = 0 for 
all tangent vector fields X, Y. 
In Kahler geometry we have the following analog. 
Theorem 2.2. [23]. A Kiihler manifold (M,g,J) is locally symmetric if and only if 
(VxR)(X, JX, X, JX) = 0 for all tangent vector fields X. 
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Next, we consider quaternionic Kahler geometry. A quaternionic Ktihler manifold 
(M,g) is by definition a Riemanman manifold whose holonomy group is a subgroup 
of Sp(n)Sp(l). Th en dim h4 d 4n and M is orientable. This is equivalent to the 
following: there exists a three-dimensional bundle V of tensors of type (1,1) over M 
with a local basis of almost Hermitian structures {Jr, Jz, Js} such that 
a) J; Jj = - Jj J; = Jk where (i,j, k) is a cyclic permutation of (1,2,3); 
b) for any section P of V, Vx P is also a section of V for any vector field X on M. 
(A4,g) is said to be an almost quaternionic Hermitian manifold if only condition a) 
is satisfied and a local basis {J;, i = 1,2,3} of that type will be called adapted. See 
[2,14,22] for more details and further references. 
One of the main purposes of this paper is to prove 
Theorem 2.3. Let (M,g) be a quaternionic Kiihler manifold such that for all m E h4 
and all X E T,M we have 
(VxR) (X, PX,X, PX) = 0 
for any section P of the associated bundle V. Then (M,g) is locally symmetric. 
We refer to [a$] ( see also [a]) for examples of locally symmetric quaternionic Kahler 
manifolds. 
Next, let (M, g) be a quaternionic Kahler manifold and let { JI, J2, Js} be an adapted 
local basis of V. For every vector X E T,M we denote by Q(X) the four-dimensional 
subspace spanned by X, JIX, JzX, JsX and we call it the Q-section determined by 
X. If for any Y,Z E Q(X) the sectional curvature K(Y,Z) is a constant k(X,p), then 
k(X,p) is called the Q-sectional curvature with respect to X at p. Moreover, if this is 
also independent of X, then it is a global constant and in this case (M, g) is said to 
have constant Q-sectional curvature. It is then called a quaternionic space form. For 
these spaces we have the following characterization: 
Theorem 2.4. [ 151. A quaternionic Ktihler manifold (AI, g) of dimension 2 8 has 
constant Q-sectional curvature if and only if 
S(RXYX, 2) = 0 
for all X, all Y E Q(X) and all 2 E Q(X)‘, or equivalently, 
RxyX = AY 
for all X and all Y E Q(X). 
Note that a non-flat quaternionic space form is locally symmetric and locally iso- 
metric to a quaternionic projective space EEP” or its non-compact dual II-UP. This is 
also true for dim A4 = 4 since the four-dimensional quaternionic Kahler manifolds are 
just the oriented four-dimensional Riemannian spaces because Sp(l)Sp(l) = SO(4). 
In this case, a quaternionic space form is just an oriented real space form. 
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Finally, we give some further results which will be needed. First, as is well known, 
any quaternionic Kahler manifold of dimension > 8 is Einsteinian. Next, condition b) 
in the definition given above may be replaced by 
b’) for any adapted local basis {Jr, J2, J3) of V, we have 
VxJl = r(X)J2 - q(X)Js, 
V,J, = - r(X)J1 t dX)J3, 
Vx J3 = a(X>Jl - P(X)JZ 
where ~,p, q are local one-forms. This is also equivalent to VII = 0 or VA = 0 where R 
is the global four-form defined by 
0 = 2 Fi A F; with F;(X, Y) = g(X, J;Y) 
i=l 
for all tangent vector fields X,Y, and A is the global tensor field of type (2,2) defined 
by 
I\=&JioJi. 
i=l 
As concerns the Riemann curvature tensor R we have the following useful identities 
for a quaternionic Kahler manifold (see also [ll]): 
R(X,Y,JlZ, JN) = R(X,Y,Z,W) t B(X,Y)g(J&W) 
+ WC Y) g( J3z, W), 
R(X, Y, J2z, J2W) = R(X, Y, 2, W) t C(X, Y) g( Jd, W) 
t A(X,Y)g(JG,W, 
R(X,Y, J3z, J3W) = R(X,Y,Z,W) t A(XY)g(JlZ,W) 
t B(X,Y)g(Jzz,W 
(24 
for all X, Y, 2, W and where A, B, C denote certain local two-forms associated to the 
local adapted basis {JI, J2, Js} of V. Moreover, if dim M 2 8, we have 
A= 
4n(nr+ 2) FI, 
B= 
4n(llt 2) F2, 
C= 
4&T+ 2) F3 
(2.2) 
where dim M = 4n and r denotes the scalar curvature of (M,g). 
We also note that a quaternionic Kahler manifold of dimension 2 8 with non- 
vanishing Ricci tensor is (even locally) de Rham irreducible and that a Ricci-flat quater- 
nionic Kahler manifold is locally hyperhihlerian, that is, its restricted holonomy group 
is contained in Sp(n) (see [2, Chapter 141). 
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3. A curvature criterion for locally symmetric quaternionic Kghler manifolds 
In this section we shall prove Theorem 2.3 but before doing this, we give some 
equivalent statements. The proof is straightforward. 
Theorem 3.1. The statement “ (VxR) (X, PX,X, PX) = 0 for all X and all sections 
P” in Theorem 2.3 is equivalent to each of the following ones: 
i) (VXR) (X, J;X, X, JjX) = 0 f or i,j = 1,2,3 and for all X, where {JI, Jz, Js} is 
an arbitrary adapted local basis of V; 
ii) the sectional curvature K(y’,Y) is constant along a geodesic y for each y and 
each parallel Y E Q(y’) along y; 
iii) (VxR)xpxX E Q(X)l for all X and for all sections P. 
Note that Q(r’) ’ p 1s arallel along the geodesic y. 
Further, we have 
Lemma 3.2. Let (M,g) b e a quaternionic Kiihler manifold of dimension 2 8 and 
{J1, Jz, Js} an adapted local basis. Then we have the following identities: 
i) (VyR)(U, JiZ,Z, JiZ) = (VyR)(Z, JiU,Z, JiZ) for 2 E Q(U)’ and i = 1,2,3; 
ii) (VyR) (JjZ, J;Z, 2, JiZ) = (VyR) (2, JkZ’, 2, J;Z), 
(VyR) (JkZ, JiZ, 2, J;Z) = -(VyR) (2, JjZ, 2, J;Z) for any cyclic permutation 
(i&W of (1~2~3); 
iii) (VyR)(U,JiZ,U,JiZ) = (VyR)(U,J$,Z,J&7) for U E Q(Z)’ and i = 1,2,3. 
Proof. This is a straightforward verification using (2.1) and (2.2). 
Now, we are ready for the 
Proof of Theorem 2.3. First, let dim M = 4. Since {X, JlX, JzX, JsX} is a basis of 
T,M for any X E T,M, we obtain at once from the hypothesis that 
(VXR) (X7 2, x, 2) = 0 
for all X, 2 and hence the result follows from Theorem 2.1. 
So, we may suppose dimM 3 8 in the rest of the proof. We start by putting X = 
aY + PZ for arbitrary a,P in (VxR) (X, JIX, X, JlX) = 0. Taking the coefficient of 
(rp4 yields 
(VYR) (z, JIM, 2, JG) + ‘W7.z~) (Y, JI=& 2, Jlz) 
+ ‘4bR) (2, JIY, 2, JIZ) = 0 
and with the second Bianchi identity this becomes 
(3.1) 
3(&4 (2, JIM, 2, JG) - W’.T,ZR) (2,X 2, JG) 
+ 2(VzR)(Z, JIY,Z, JIZ) = 0. 
(3.2) 
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Now, we replace 2 by Jr2 in (3.2) to get 
3(vYR)(JlZ,Z,JlZ,Z)-2(VzR)(JlZ,Y,JlZ,Z) 
-2(v&q(J1Z,J1Y,J~Z,Z) = 0. 
So, (3.2) and (3.3) give 
4(t7Y~)(Wl~,GJl-q t qt7z~)(GJ1K5J1q 
- 2(VJ@) (Jr-z, JrY, J,Z, 2) = 0. 
Putting Y = J2.Z in (3.4) yields 
4(QzR) (2, JIM, 2, JIM) t V’zB) (2, J3z,Z, JG) 
- 2(VJIZR) (J$, J32, J,Z, 2) = 0. 
Hence, using Theorem 3.1 i), (3.5) gives 
(V.r,zR) (2, JIM, 2, JIM) = 0. 
Similarly, we also have 
(VJ,Z@ (2, JIZ, Z,J12) = 0 
and hence 
(V_r,zR)(Z, J,Z, 2, JIZ) = 0 for i = 1,2,3. 
Next, let 2 E Q(Y)‘-. Then from Lemma 3.2 we get 
(VzR) (K J,z, 2, Jd) = (VzR) (2, JlY, 2, JlZ). 
With this, (3.1) becomes 
(VYR) (2, Jrz, 2, JG) t 4(VzR) (Y, J1.T 2, Jd) = 0, 
and using the second Bianchi identity we obtain 
~(VYR) (2, JIZ, 2, JG) - ~(VJ,.&) (Z,Y, 2, JIZ) = 0. 
Substituting 2 by J1.Z in (3.8) yields 
5(vyR)(JrZ,Z, J&Z) -4(VzR)(JrZ,Y, JAZ) = 0. 
Hence, (3.8) and (3.9) imply 
(VyR)(Z, J~z,z, Jd) = 0 
for any Y E Q(Z)*. 
So, we conclude from (3.6) and (3.10) that 
(3.6) 
W) 
(3.8) 
(3.9) 
(3.10) 
(VYR)(GW,~,W) = 0 (3.11) 
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for all I’, 2 and a similar procedure for J2 and J3 leads to 
(VyR)(Z,J;Z,Z,J;Z)=O, i=1,2,3. (3.12) 
Next, replace 2 by aU + /3Z for arbitrary a,,0 in (3.11). Taking the coefficient of 
ap3 yields the condition 
(VYR) (U, J,Z, Z, JlZ) + (VyR) (2, JIU, 2, J1.Z) = 0. 
Then, put U = JzZ to obtain 
(3.13) 
(VYR)(J~Z,JIZ,Z,JIZ)+(VYR)(Z,J~Z,Z,JIZ)=O. 
Using Lemma 3.2 in (3.14) then yields 
(3.14) 
(VYR)(J~Z,JIZ,Z,JIZ)=(VYR)(Z,J~Z,Z,J~Z)=O, 
and similarly we get 
(3.15) 
(VyR)(J;Z,JlZ,Z,JlZ)=O, i=1,2,3, (3.16) 
or equivalently, 
(VyR)(Z,JiZ,Z,JIZ)=O, i=1,2,3. 
Finally, replacing J1 by J2 and J3 yields 
(3.17) 
(VyR)(J;Z,JjZ,Z,JjZ)=O, i,j= 1,2,3, 
or equivalently, 
(3.18) 
(VyR)(Z,JiZ,Z,JjZ)=O, i,j=l,2,3. (3.19) 
Next, let U E Q(Z) ’ in (3.13). Taking Lemma 3.2 into account this leads to 
(VyR)(U, JIZ, Z, JIZ) = 0. (3.20) 
So, (3.16) and (3.20) yield 
(VYWK J,Z,Z, JlZ) = 0 
for any Y, U and Z and taking J2 and J3 instead of Jl, this gives 
(3.21) 
(VYR)(U,JiZ,Z,JiZ)=O, i=1,2,3, 
for all Y, U, Z. 
(3.22) 
Finally, we substitute Z by (YW + /3Z for arbitrary a,/3 in (3.22) and for i = 1. 
Taking the coefficient of op2 yields the condition 
(VYW(U,JIWZ,JIZ)+(VYR)(U,J~Z,W,JIZ) 
+ (VyR) (U, J,Z, Z, JlW) = 0. 
(3.23) 
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Putting W = U in (3.23) gives 
(VY~)(KJl~,Gw) t (VYJ-qW1vM-q 
t (VYR)(U,J1Z,Z,J*U) = 0. 
Now, using Lemma 3.2 iii) in (3.24) yields 
(3.24) 
(VY~)(Wl~,GJl.q t qVYR)(U,J1Z,U,J12) = 0 
and using the first Bianchi identity this becomes 
3(C7Y~)(KJ1~,U,J12) + (VyR)(U,Z,U,Z) = 0. 
NOW, replace 2 by Jr2 in (3.25) to get 
(3.25) 
3(VyR)(U,Z,U,Z) t (VYR)(U,Jl~,U,J1Z) = 0. 
Then from (3.25) and (3.26) we obtain 
(3.26) 
(VY R) (U, 2, u, 2) = 6 (3.27) 
for all U E Q(Z)‘. But, from (3.22) we see that (3.27) is also valid for U = J;Z and 
therefore 
for all U,Z. So, the result follows now from Theorem 2.1. 
4. f&preserving geodesic symmetries 
In this and in the next section we will use Theorem 2.3 to characterize locally sym- 
metric quaternionic Kahler manifolds via some specific properties of the local geodesic 
symmetries. Therefore, let m E M and let u E T,M be a unit vector and p = exp,(ru) 
where T is sufficiently small in order to have a diffeomorphic exponential map centered 
at m. Then the local geodesic symmetry pm : exp,(rzL) H exp,( --TzL) preserves the 
fundamental form 0 if and only if q&R = 0, or equivalently, using a system of normal 
coordinates (x1 , . . . , x4n) centered at m, if and only if for all unit vectors u E T,M and 
all small T we have 
%p,dexp,W) = %py&xh(-4) 
where R,,,, = R(d/dxa, d/dP,d/dxr,d/dx6), o,/?,y,J= l,...) 4n. 
First, we have from [l]: 
(44 
Theorem 4.1. Let (M,g) b e a quaternionic KZhler manifold of dimension 2 8 with 
non-vanishing scalar curvature. Then any isometry preserves the fundamental four- 
form 0. 
Hence, we have 
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Corollary 4.2. Let (M,g) be a locally symmetric quaternionic Kiihler manifold. Then 
the local geodesic symmetries preserve Q. 
Proof. For dim M = 4 the result follows at once since R is a volume form. 
For dim M > 8 and vanishing scalar curvature, (M,g) is Ricci-flat and hence hy- 
perkihlerian. (In fact, (M,g) is flat.) Then the result follows at once from the explicit 
expression 
R = F; A F; 
i=l 
since in this case we may use a parallel local adapted basis {Jr, Jz, Js}. 
These results and Theorem 4.1 give the required property. 
Remark. Note that Theorem 4.1 may be by using 
we prove a converse. 
Theorem 4.3. Let (M,g) an 
is a quaternionic Kiihler 
if dim M 12, (M,g) is 
To prove we consider of to a 
system at m and write 
of fl&b at once = 0, 
g) 
we will 
+ J;R’ 0, i 1,2,3, (4.3) 
for any adapted local basis JI, Jz, Js} and any vector u. R’ = Rh denotes 
the endomorphism (V,R),.u.). Therefore we a 
quaternionic Kahler manifold this takes the form 
s1( R’e ,,ep,ey,es) fi(ea,R’ep,e-,,es) Q(ecu,ep,R’ey,es) 
fl(e ol,ep,e,,R’eg) 
where ecu a/&P(m), (Y = 1,. ,4n, or 
5 {g(c,, + J;R’)ep)E:,s g(e,, (R’J; J;R’)e,)F;ps 
i=l 
+ g(e,,(R’Ji + JiR’)eg)Fip7 - g(ep,(R’Ji + J;R’)es)Fiay (4.4) 
+ g(ep, (R’J; + J;R’)e-y)F;,s + g(e,, (R’Ji + J;R’)es)F;,p} = 0. 
Note that R’Ji + JiR’ is a skew-symmetric endomorphism. 
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Now, we shall prove that (4.4) implies (4.3) w h en dim A4 > 12. Therefore, let C-C, y z 
be orthonormal vectors such that CE, J;z, y, J;y, z, J;z, i = 1,2,3, are part of an adapted 
orthonormal basis, that is, a basis of the form {e,, J;e,; (Y = 1,. . . , n, i = 1,2,3}. 
Take e, = 2, ep = y, ey = z,eh = Jiz in (4.4). This yields 
g(s,(R’J; + J;R’)y) = 0, i = 1,2,3. (4.5) 
Doing the same thing for CZ, JIZ, y, J1y, we obtain 
g(z, (R’JI + JlR’)Jlx) + g(y, (R’JI + JlR’)Jly) = 0. (4.6) 
In a similar way we also get 
and 
g(x, (R’JI + J,R’)Jlx) + g(z, (R’JI + JIR’)JG) = 0 (4.7) 
g(y, (R’JI + JIR’)JIY) + g(q(R’J1 t JIR’)JG) = 0. 
So, (4.6)-(4.8) yield 
(4.8) 
g((R’J1 + J1R’)q J1x) = 0 
and similarly 
g((R’J; + J;R’)x, Jp) = 0, i = 1,2,3, 
for all CC. From this and (4.5) we then obtain 
(R’JI + JlR’)x = P1zJzz t y1zJ3~, 
(R’J2 t J&)x = a2zJ1z t y2zJ32, 
(R/J3 t J,R’)x = (Y~~J~z + p2zJ3x. 
Next, put ecy = x,ep = J2x,ey = z,es = J1.z in (4.4) to get 
g(x,(R’Jl t JlR’)Jzx) t g(z,(R’Jz t J&‘)Jlz) = 0 
and hence, from (4.10), we have 
(4.9) 
(4.10) 
Plz = -Q2z* (4.11) 
Similarly, we may obtain 
Plz = --(yzy (4.12) 
and hence 
a2y = Q2.2. 
A similar procedure yields ozz = (~2~ = -prz and this leads finally to 
(R’J1 + J1R’)x = P,J2x - &zJ3x, 
(R’J2 t J,R’)x = -P,J1x t MzJ3x, 
(R’J3 -I- J3R’)x = QzJ1x - MzJ3x. 
(4.13) 
(4.14) 
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Note that P, = PY = Pz, M, = MY = M,, P, = Py = P,. Further, (4.14) yields 
P, = PJ~~ and from this we get 
pJ,z = pJIJ3z = -pJp 
pJ,z = PJ, J2t = pJ,z 
and so, P, = 0 for all 2. Similarly, one gets M, = Qz = 0. Hence, the required result 
(4.3) follows since z is arbitrary. 
To finish the proof one only has to note that (4.3) yields at once the condition for 
oR in Theorem 2.3. 
Remark. For dim M = 4, R is a volume-form and hence, pm is a-preserving if and 
only if it is volume-preserving. But there are many four-dimensional manifolds with 
volume-preserving geodesic symmetries which are not locally symmetric. For example, 
all naturally reductive homogeneous spaces have this property (see [26] for more details 
and references). So, Theorem 4.3 does not hold for dim M = 4. 
We do not know if Theorem 4.3 can be extended to dimension eight. Here we note the 
exceptional character of dimension eight in quaternionic geometry. In [al] it is proved 
that any complete quaternionic manifold (M,g) with dim M = 8 and with positive 
scalar curvature is symmetric. Further, in [24] the author proves that dQ = 0 on an 
almost quaternionic Hermitian manifold of dimension 2 12 implies VR = 0, that is, the 
manifold is quaternionic Kahlerian. 
Using a similar procedure one may also prove 
Theorem 4.4. The same results as in Theorem 4.1, Corollary 4.2 and Theorem 4.3 
hold when one replaces R-preserving by A-preserving. 
5. Quaternionic geodesic symmetries 
In this section we consider the situation which corresponds to holomorphic geodesic 
symmetries in almost Hermitian geometry. We start with 
Definition 5.1. Let (M,g) b e an almost quaternionic Hermitian manifold. Then a 
map p : M -+ M is said to be quaternionic if and only if p* o P o qT1 is a section of 
the three-dimensional bundle V for each section P of it. 
Then we have 
Theorem 5.2. [l] Let (M,g) b e a quaternionic Kiihler manifold of dimension 2 8 
with non-vanishing scalar curvature. Then any isometry is quaternionic. 
As for Corollary 4.2 we then get 
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Corollary 5.3. Let (M,g) b e a locally symmetric quaternionic Ktihler manifold. Then 
the local geodesic symmetries are quaternionic. 
Note that for dim M = 4 the result follows from the fact that the geodesic symmetries 
are orientation-preserving and from direct verification. 
Before proving a converse result we make the following useful 
Remark. Let J and J be two almost Hermitian structures on (M,g) such that 
cp,oJ=.?o+ 
where cp = qrn is the geodesic symmetry centered at m. Then we have 
J(m) = J(m). (54 
Moreover, since 
cp,Ju = &u, 
we have 
V,,&*Ju) = v’p+u(&*u). 
Next, let y be a geodesic with y’ = U, llulj = 1 and let cp be an isometry. Then we 
have 
V,,,(+Ju) = v,V,(Ju) = q~+(v,J)u. 
On the other hand, v*u is parallel along y. So, 
Vq*2L(Jq*4 = (V’p*“J)q*U. 
Hence, we have 
‘p*(vuJ)u = (&w~)w 
which at the center m becomes 
((LJ)u)(m) = -((vu+)(m). 
In fact, one may prove 
((V!..., J>W4 = (-l>“((v~...21J)~>(m), k E N, 
but we will not need this general result. 
(5.2) 
(5.3) 
Now, we prove 
Theorem 5.4. Let (M,g) b e an almost quaternionic Hermitian manifold such that 
all local geodesic symmetries are quaternionic. Then (M,g) is a quaternionic h’ci’hler 
manifold which is locally symmetric. 
Proof. Let J be a section of V with J2 = -id. Then, with respect to normal coordi- 
nates, we have 
J, = -Facgcb, Ji = g( Je,, eb) 
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where F(X,Y) = g(X,JY), and using power series expansions for F,, and gCb we 
obtain a power series expansion for J,. b We refer to [5] for the explicit expressions. 
Using this and the hypothesis for the geodesic symmetry vrn, we get from 
cp,*ol= Joy,, 
(VP)(m) = -(VF)(m) as th e rs necessary condition, and this holds for any section fi t 
J. This implies 
(Vfl)(m) = 2 &VF, A F;)(m) = 2 k((aF,) A &)(m) 
i=l i=l 
= -2 &VF, A F;)(m) = -(VQ)(m) 
i=l 
and so, VR = 0, that is, (M, g) is a quaternionic Kahler manifold. 
Proceeding in a similar way with the next necessary condition in the power series 
expansion procedure, we obtain 
R’J; - J;R’ = 0, i = 1,2,3, (5.4) 
for any adapted local basis {Jl, Jz, Js}. Then the result follows again via Theorem 2.3. 
6. Geometry of geodesic spheres and reflections 
The main purpose of this section is to derive characterizations of locally symmetric 
quaternionic Kahler manifolds and quaternionic space forms which use aspects of the 
extrinsic and intrinsic geometry of geodesic spheres. We start with some preliminary 
material and refer to [26] for more details and references. 
A. Preliminaries 
Let m E M and let ‘u. E T,M be a unit tangent vector. Further, let y be the unit 
speed geodesic r H exp,(ru) through m = y(O). The geodesic sphere Gm(r) with 
center m and radius r has at p = exp,(ru) the vector d/dr as a unit normal vector 
and its corresponding shape operator Tm(p) is given by 
7&(p) = A/A-l 
where A is the Jacobi tensor field along y with initial conditions 
(6.1) 
A(0) = 0, A’(0) = I (6.2) 
where 
A” + R o A = 0. (6.3) 
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Here R = Ry,.y’ is the associated Jacobi endomorph&m. Note that A and R are con- 
sidered as endomorphisms of the vector space (PLY ’ * at each p and these vector spaces ) 
are often identified with the space (IIPY’(O))~ via parallel translation along y. See [5,26] 
for more details. 
Next, using (6.3) and (6.2) we obtain 
A(T) = TI - $R(m) - $R’(m) t O(T’), 
A-‘(r) = ;I + ;R(m) t ;R’(m) + O(T~) 
where R’(m) = (V,R), . u. Then (6.1) yields 
(6.4) 
(6.5) 
Tm(p) = ;I - ;R(m) - ;R’(m) t 0(r3). (6.6) 
This shape operator describes the extrinsic geometry of the hypersurface Gm(r). We 
recall that T is sufficiently small. 
To consider the intrinsic geometry of Gm( ) r we will need the Ricci endomorphism 
Q (of type (1,l)). Th ere ore, let & be the Ricci endomorphism of (M,g) and p the f 
corresponding Ricci tensor of type (0,2). Using (6.6) and the Gauss equation for Gm(r) 
we have (see [7]) for dim M = n: 
an(P) = TI t {Q - p(u,+ - $p(u,u)I - @R}(m) 
(6.7) 
+ ~{v,& - (&P>(v)u. - $LP)(w)I- a(n t l)R’}(m) + 0(r2j. ’ 
Finally, from (6.6) and (6.7) we may derive the corresponding expressions for the 
geodesic sphere Gp(r) with center p and radius T. Then we have (see, for example, [7]) 
T,(m) = ;I - ;R(m) - &R’(m) + 0(r3), (6.8) 
O&4 = FI+ {Q - p(u, .)u - $(u, u)I - $nR}(m) 
- $(V,p)(u,u)l t (n - 3)R’}(m) t 0(r2). 
(6.9) 
To conclude these preliminaries we shall consider the special case of a quaternionic 
space form. In this case we can write explicit expressions for Tm(p) and Qm(p) instead 
of the power series expansions (6.6) and (6.7). This is due to the explicit form of the 
curvature tensor R for the quaternionic space form. Indeed, let k denote the constant 
Q-sectional curvature. Then we have (see [14]) 
RxyZ = %( g(X, Z)Y - g(Y, 2)X t k(g(J,X, Z)c&Y - g(J;Y, Z)J;X 
i=l 
t 2g(Jix,Y)Jiz)}. (6.10) 
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In this case the Jacobi endomorphism R(m) may be written as 
where dimM = 4n. For k > 0 we derive from (6.2), (6.3) and (6.11): 
(6.11) 
(6.12) 
and so, via (6.1): 
&cot firI3 
TV = 
’ 0 
(6.13) 
For k < 0 one has only to replace the trigonometric functions by hyperbolic functions 
and the case k = 0 may be obtained by taking the limit as k ---) 0. Finally, the cor- 
responding form for Qm(p) is easily derived via the Gauss equation from (6.11) and 
(6.13). 
B. Extrinsic geometry 
We start with some characterizations 
derived with the help of Theorem 2.4. 
of quaternionic space forms which will be 
Theorem 6.1. Let (M,g) b e a quaternionic Kiihler manifold with dimM > 8. Then 
(M,g) is a quaternionic space form if and only if for all m E M, all unit vectors 
u E T,M and all suficiently small r we have that any Xl-j(r) of the quaternionic 
section Q(y’(r)) is an eigenvector of Tm(p),p = exp,(ru). 
Proof. First, let (M, g) b e a quaternionic space form. Then the result follows at once 
from (6.13). 
To prove the converse we note that it is always possible to choose an adapted local 
basis {Jr, J2, J3) such that J;, i = 1,2,3, is parallel along the geodesic y. Then, for any 
parallel W E Q(r’)‘- the hypothesis 
g(Tm(p)Jiy’, W) = 0 
implies with (6.6): 
g(R(m)J;u, W) = 0 
and so, the result follows immediately from Theorem 2.4. 
To prepare the next result, we prove 
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Lemma 6.2. Let (M,g) be a quaternionic Kiihler manifold with dimM 2 8. Then 
(M,g) is a quaternionic space form if and only if we have, for any small geodesic 
sphere, 
OJ,,J~U = r(JIu)Jzu - q(JIu)Jzu, 
VJ,,JZU = -r(Jzu)Jlu + p(Jzu)Jxu, (6.14) 
~J~&U = q( Jc) Jlu - P( Js) J2u 
where 0 denotes the induced Levi Civita connection of the geodesic sphere and u = 
d/dr the unit normal vector. 
Proof. First, let (M,g) b e a quaternionic space form. Then Theorem 6.1 yields 
Tm(p)J;u = XJ;u, i = 1,2,3, 
that is, 
vJi,u = XJ;u. 
Hence 
V J,~ J;u = (V J,~ J~)u t JiVJi,U = (V J+ J;)u - Xu. (6.15) 
The result follows now at once from the conditions b’) in Section 2 by taking the 
tangential part in (6.15). 
Conversely, suppose (6.14) holds. Then, the Gauss equation 
VxY = f?xY t g(X,Y)u, X,Y E Tp(Gm(r)) 
and (6.14) imply 
VJ,,J~U = r(Jlu)Jzu - q(Jlu)J3u t ~(JIu, JIU)U. 
Hence, we have 
vJ,,u = -o(J~u, J1u)JIu 
or 
T,(p)Jlu = ~Jlu, 
that is, Jlu is an eigenvalue of the shape operator. A similar reasoning for J2u and J~u 
leads to the result via Theorem 6.1. 
Now, we have 
Theorem 6.3. A quaternionic Kiihler manifold (M,g) of dimension > 8 is a quater- 
nionic space form if and only if for any suficiently small geodesic sphere we have 
g(Tm(p)X, J’Y) f g(T,(p)Y, J’X) = 0, X, Y E Tp(Gm(r)), (6.16) 
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for any section P of the three-dimensional bundle V. 
Proof. For a quaternionic space form the result follows again at once from the explicit 
expression (6.13). 
Conversely, suppose (6.16) holds. Taking P = J1 we get 
S(Tm(P)X, Jo7 + dzr4PY, JlX> = 0 
and hence 
g(Yw JlY) + dVY% JlW = 0. 
For X = Jlu this implies 
g(v+u, JlY) = -g(Jlb,uuJ) = 0 
and so, we have 
s(b,u Jlu, y) = g(W,u JdK y>. 
Using again the formulas b’) from Section 2, we easily get 
~J~~JIZL = r(Jlu)Jzu - q(Jlu)Jsu 
and a similar reasoning for J;! and J3 leads to the required result via Lemma 6.2. 
Now, we turn to some characterizations of locally symmetric quaternionic Kahler 
manifolds. Therefore we consider sections J = aJ1 + bJ;I + cJ3 with a2 + b2 + c2 = 1 
of the bundle V. Such a section is characterized by J2 = -1 and therefore we call it 
an almost Hermitian section. Each almost Hermitian section corresponds to a point of 
the twistor bundle over (M,g) (see [2]). I n what follows we will denote, for each m, by 
Jm the set of almost Hermitian sections J which satisfy the conditions (5.1), (5.2) for 
a given J and for all u E T,M. 
Next, let ~~(p, J) d enote the curvature at p of the geodesic of Gm(r) tangent to Ju 
where u = d/dr. Hence 
~m(p, J> = dCn(dJu, J4. 
Then we have 
(6.17) 
Theorem 6.4. Let (M,g) b e a quaternionic Kiihler manifold. Then (M, g) is locally 
symmetric if and only if for each geodesic symmetry vrn and all small geodesic spheres 
Gm(r) there exists for each almost Hermitian section J a J E & such that 
K~(P, J) = G&,~P), 7). (6.18) 
Proof. Let (M, g) b 1 e ocally symmetric. Then Corollary 5.3 implies that for any almost 
Hermitian section J there exist an almost Hermitian section J such that cp,, o J = 
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J 0 vrn*- Hence, 2 satisfies (5.1) and (5.2). So, 1 E ,7m. Moreover, 
r;m(P, J, = g(Tm(P)Ju, Ju)(P) = S(Vm*Tm(P)J% Pm*Ju)(Vm(P)) 
= S(Tm((Pm(P))Pm*Ju, Vm*J”)(Vm(P)) 
= S(Tm(Pm(P))J% Ju)(Pm(P)) 
= Km(Vm(P), 1). 
Conversely, suppose (6.18) is satisfied. Using power series expansions for J, 2, Tm(p) 
and Tm (cP(P)) we get power series expansions for zm(p,J) and ~~((p~(p),J). After 
some straightforward computations we get as first necessary condition of (6.18): 
8&, Ju, u, (Vu J)u + (Vu+) t 3(V,R)(u, Ju, u, Ju) 
t 3(V,R)(u, Ju, u, Ju) = 0 
at each point m and for each u E Z’,M. Using (5.1) and (5.2) this yields 
(V&)(u, Ju, u, Ju) = 0 
and the result follows from Theorem 2.3. 
Further, we have 
Theorem 6.5. Let (M,g) b e a quaternionic Kkihler manifold. Then (M,g) is locally 
symmetric if and only if 
Kr(m, 
([18,27]) together with the expansion (6.8) instead of 
(6.6). 
C. Intrinsic geometry 
To finish this section we state some theorems focussing now on the intrinsic geom- 
etry of small geodesic spheres. Therefore we replace the shape operator by the Ricci 
endomorphism a. We delete the proofs since they are similar to the ones above by 
taking the corresponding formulas given in the preliminaries of this section. 
Theorem 6.6. Let (M,g) be a quaternionic Kahler manifold of dimension > 8. Then 
(M,g) is a quaternionic space form if and only if for all m E M, all unit vectors 
u E T,M and all sufficiently small r we have that any Xly’(r) of the quaternionic 
section &(y’(r)) is an eigenvector of Qm(p),p = exp,(ru). 
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Theorem 6.7. Let (M,g) 6 e a quaternionic h’ahler manifold of dimension > 8. Then 
(h4,g) is locally symmetric if and only if for each geodesic symmetry pm and all small 
geodesic spheres Gm(r) there exists for each almost Hermitian section J a J E 3m such 
that we have 
p”(J& J;)(P) = hn(+;)(~rn(~)), (6.20) 
or equivalently, 
P,( JF J4W = Pvm(p)( Ju> J4W (6.21) 
for all p = exp,(ru). (Here p denotes the Ricci tensor of type (0,2) of the geodesic 
sphere.) 
In the proof of this theorem one may use the characteristic property 
for locally symmetric spaces of dimension > 3 given in [7]. Note that dimension 2 8 is 
used in the proof via the Einstein condition. 
7. Rotations 
To extend the study of local rotations to quaternionic geometry we start with 
Definition 7.1. Let (M,g) b e an almost quaternionic Hermitian manifold and let J 
be an almost Hermitian section of the bundle V in a neighborhood of m E M. Then 
the map 
j, = exp, oJ, o exp;’ 
is said to be a local J-rotation with center m. 
In a sufficiently small neighborhood of m, j, is clearly a diffeomorphism. Then we 
have 
Theorem 7.2. A quaternionic h’tihler manifold with dim M 2 8 is locally symmetric 
if and only if each local J-rotation is an isometry. 
Proof. We note that on a quaternionic Kahler manifold of dimension > 8 the identities 
(2.1), (2.2) imply 
R(X, Y, 2, W) = R( JX, JY, JZ, JW) (7.1) 
for all tangent vectors X, Y, 2, W. Then the result is a consequence of the properties of 
J-rotations on almost Hermitian manifolds treated in [19], in particular of the following 
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Lemma 7.3.. [19] An almost Hermitian manifold (M,g, J) is locally symmetric if 
and only if each J-rotation is an isometry and (7.1) holds. 
Further, we prove 
Theorem 7.4. Let (M,g) b e an almost quaternionic Hermitian manifold of dimension 
>/ 12. Then (M,g) is a locally symmetric quaternionic Kiihler manifold if and only if 
each local J-rotation preserves the fundamental form R. 
Proof. First, let (M,g) be a quaternionic KBhler manifold which is locally symmetric. 
Then the result follows as for the local geodesic symmetries. 
Conversely, suppose j m is Q-preserving for each m. Then all local geodesic symme- 
tries are also R-preserving since j& = -id. The result follows now from Theorem 4.3. 
Now, we say that j m is a quaternionic rotation if j,, 0 P 0 j;‘* is a section of V for 
any section P of V. Then we have 
Theorem 7.5. An almost quaternionic Hermitian manifold is a locally symmetric 
quaternionic Ktihler manifold if and only if each local J-rotation is quaternionic. 
Proof. The “only if” part is similar to that for geodesic symmetries in Corollary 5.3 
and the “if” part is proved as in Theorem 7.4. 
As in Section 6 we consider now again the extrinsic and intrinsic geometry of small 
geodesic spheres hereby, as before, focussing on the shape operator and the Ricci en- 
domorphism. 
We start with 
Theorem 7.6. A quaternionic Kahler manifold is locally symmetric if and only if for 
all local J-rotations we have 
T,oj,, = j,,oT,. (7.2) 
Proof. For a locally symmetric quaternionic Kahler manifold (7.2) holds since j, is 
an isometry. 
Conversely, suppose (7.2) holds. Then we have 
jm+ OTT = T,(j&)) ojm+lp 
and also 
jm*ls,+) oTm(jm(p)) = T&&(P)) ~.i~+,(~). 
Hence, 
jm+lp 0 TXP) = j;&,(r) oT4j2(p))ojm*Ijm(P) ojm*lp 
and this yields 
(jz)* 0 T, = T, 0 (jk)*. 
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So the geodesic symmetries preserve the shape operator and according to [18], (M,g) 
is locally symmetric. 
Theorem 7.7. A quaternionic h’iihler manifold is locally symmetric if and only if for 
all local J-rotations 
Tjmtp)(m) 0 Jm = Jm 0 T,(m). 
Proof. (7.3) is immediate for locally symmetric spaces. 
Conversely, suppose (7.3) holds. Then we have 
~‘~~,~(~)Jm = JmTjmcp,(m) = T,(m)Jm 
which yields 
(7.3) 
Tj&(p)W = T,(m)* (7.4) 
This implies the result since (7.4) is characteristic for locally symmetric spaces [18,27]. 
Since the local diffeomorphism j, induces a global diffeomorphism on sufficiently 
small geodesic spheres with center m, we may again consider the functions 
P c--t K.,(P, J> = +‘m(p)J;, Jk) 
where p = exp,(r a/%). Then we have 
Theorem 7.8. A quaternionic Kci’hler manifold is locally symmetric if and only if for 
any almost Hermitian section J there exists an almost Hermitian section J E g; such 
that for the corresponding local rotation we have 
4~7 J> = G&~P), J). (7.5) 
where 3; is the set of almost Hermitian sections such that J(m) = J(m) and 
{(VUJ)u + J(v~,J)Ju}(rn) = 0 for all u E T,M. 
Proof. First, let (M, g) b 1 e ocally symmetric. Then, using Theorem 7.2, Theorem 7.5 
and Theorem 7.6 we have 
Km(py J, = % T~(P)J~, J&) = gj,,,(p) ( ( j,,T,(p)J&& J; > 
= g_i, (p) (Tm(j,(~))j,*J~,j,.J~) 
d - 
= Sj,(p) ( Tm(jm(~)Jj,,~, J.im*E) = h&(P), 1). 
Proceeding as in the remark after Corollary 5.3 we obtain that J E 3; since j, is 
quaternionic. Conversely, (7.5) yields 
~m(p, J> = ~m(Sn(p),J) = ~&j;(p), 5) 
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where 5 E Jm and then the result follows from Theorem 6.4. 
Using Theorem 6.5 and Theorem 7.6 one obtains in a similar way 
Theorem 7.9. A quaternionic Kihler manifold is locally symmetric if and only if for 
any local J-rotation we have 
~p(m, J> = ~,,(~)b, J>- 
To finish we state again the corresponding theorems for the Ricci endomorphism 0. 
We delete the proofs which are similar to those for the shape operator. 
Theorem 7.10. Let (M,g) b e a quaternionic Kci’hler manifold of dimension > 8. 
Then (M,g) is locally symmetric if and only if for all local J-rotations we have 
i) Qm 0 j,, = j,, 0 Qm or, 
ii> Qj,,,(,,(m) 0 Jm = J, 0 gp(m) or, 
iii) there exist almost Hermitian sections ;i E g; such that jj,(Ja/dr, J/3/&)(p) 
= pm(Jjmd/dr, Ij,*a/Or)(j,(p)) or, 
iv) P,( Jv J4W = Pj,+)(Ju, Ju>(m) f or all p = exp,(ru) and all suficiently 
small r. 
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